We investigate higher-order plasmons in graphene nanoribbons, and present how electronic edge states and wavefunction fine structure influence the graphene plasmons. Based on nearest-neighbor tight-binding calculations, we find that a standing-wave model based on nonlocal bulk plasmon dispersion is surprisingly accurate for armchair ribbons of widths even down to a few nanometers, and we determine the corresponding phase shift upon edge reflection and an effective ribbon width. Wider zigzag ribbons exhibit a similar phase shift, whereas the standing-wave model describes few-nanometer zigzag ribbons less satisfactorily, to a large extent because of their edge states. We directly confirm that also the larger broadening of plasmons for zigzag ribbons is due to their edge states. Furthermore, we report a prominent fine structure in the induced charges of the ribbon plasmons, which for armchair ribbons follows the electronic wavefunction oscillations induced by inter-valley coupling. Interestingly, the wavefunction fine structure is also found in our analogous density-functional theory calculations, and both these and tight-binding numerical calculations are explained quite well with analytical Dirac theory for graphene ribbons.
I. INTRODUCTION
Numerous studies have over the recent years been conducted on graphene one-dimensional (1D) structures, emphasizing both single-particle excitations and collective plasmonic excitations. [1] [2] [3] [4] [5] [6] [7] [8] Ribbons are prime examples of such structures, [9] [10] [11] while plasmons can also be localized and guided along other 1D structures.
12-14 Principal motivations for studying plasmons in graphene ribbons are the strong confinement of the electromagnetic fields, long propagation lengths, as well as the convenient tunability through (electrostatic) doping. 15 Creation of nanoribbons has come a long way. [16] [17] [18] [19] [20] [21] [22] It is now possible to create ribbons in the 10-20 nm range both with top-down processes, allowing better scalability, and with bottom-up syntheses yielding high atomic precision. 23 Together with methods for probing plasmons with high spatial resolution 4, 7, [24] [25] [26] this creates possibilities to measure novel quantum effects in graphene plasmonics. We have previously elucidated the emergence of nonclassical behavior of the lowest-order plasmons in narrow graphene ribbons 27 arising from the quantized nature of the bands. In this work, we analyze instead the higherorder modes, in order to study the impact of the precise atomic configuration on the plasmon reflection properties of the ribbon edges. The phase shift upon edge reflections of plasmons in graphene has previously only been treated in continuum theories, in Refs. 1, 28-30, where conductivity is handled as a local material parameter. Possible effects of the specific atomic configuration at the edge cannot be studied in such an analysis. In contrast, we here study edge reflections within tight-binding (TB) calculations for both armchair and zigzag ribbons (see Fig. 1 ). We also consider zigzag ribbons where the edge states have been excluded when calculating the optical response as detailed in our previous work. 27 The latter allows us to study directly how graphene plasmons are affected by the localized electronic edge states of zigzag ribbons. Furthermore, the atomistic nature of our calculations allows us to study the fine structure of the plasmons by mapping the induced charges to individual atomic sites. The analysis reveals short-range oscillations inherited from the underlying wavefunctions, predicted by Dirac theory and confirmed both by TB and our ab initio densityfunctional theory (DFT) calculations. The structure of the paper is as follows: In Sec. III we present our analysis of a standing-wave model and the effect of the atomic edge termination on the edge reflection properties of graphene plasmons. Secondly, in Sec. IV, we briefly show our findings regarding the localized edge states' ability to introduce additional broadening of the plasmonic peaks. Lastly, we dive into the spatial distributions of the plasmons and the differences in the induced fine-structure in Sec. V.
II. MODELS AND METHODS

A. Tight-binding model
The band structure of graphene is well described by a nearest-neighbor TB model with the Hamiltonian
where the sum is over pairs of neighboring sites. 31 For the hopping parameter t we use the value of 2.8 eV, first determined by Ref. 32 . The eigenstates are calculated on a dense k-point grid with 5000 points in the one dimensional Brillouin zone and used for calculating the optical response as outlined below. In ribbons with zigzag edges (left ribbon in Fig. 1 ) where localized edge states occur, we can classify the eigenstates as either bulk-like or edge-like using an energy cutoff derived from the Dirac model as presented in our recent work (Ref. 27 ). This will allow us to directly quantify the effect of the edge states on the energies and reflection properties of the graphene plasmons.
B. Response function
We calculate the optical response for q = 0 within the random-phase approximation (RPA) following the same methodology as Refs. 10 and 27, i.e. the non-interaction density-density response function is calculated in the site basis through direct insertion of the eigenstates in
from which the dielectric function can be determined as
where V is the Coulomb interaction. The i, j are atomic site indices, while n and m label the eigenmodes at wave vector k. Thus, a in is the value of the n th wavefunction on the i th site (implicitly at wave vector k). As a shorthand notation, we have used nm = n − m for the energy difference and likewise f nm = f n − f m for the difference in the Fermi filling factors. The phenomenological loss parameter η is set to 1.6 meV as in Ref. 10 . The width of the supercell in the periodic direction is labeled b. By excluding the edge states in the evaluation of the response function, their contribution can be assessed by comparing with the full expression.
The Coulomb interaction is included in real space using tabulated values for the correct interaction between p z states. 34 Charge neutrality ensures that the product V χ 0 can be properly converged, despite the long-range behavior of the Coulomb interaction. 
C. Quantum plasmons
The dielectric function (ω) can be written in a spectral representation of its eigenvalues and left and right eigenvectors as ij (ω) = n n (ω)φ n,i (ω)ρ * n,j (ω), where the zeros of the real parts of n (ω) indicates plasmonic modes, the right eigenvector φ n is the induced field, and the left eigenvector ρ n is the induced charges of the plasmon.
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In Fig. 2 clearly correspond to peaks in the loss spectra. Higherorder modes are more damped and hard to identify from the loss spectrum, but they can still be easily identified as the zeros of Re[ n (ω)]. 
III. STANDING-WAVE MODEL
It is well known that plasmons reflect with almost no loss on graphene edges. 36, 37 Thus, as a method of understanding the behavior of plasmons in graphene nanoribbons, we will adopt a Fabry-Pérot standing-wave model. As we only consider propagation in the x direction, the picture is that the plasmon moves across the ribbon according to a certain dispersion relation, reaches an edge, and reflects back with an additional phase change from the reflection. The allowed modes are those where this process gives rise to constructive interference as illustrated in Fig. 1 . The condition for this to occur becomes
where n is the integer mode index starting from n = 1 and ϕ is the reflection phase change. Furthermore we introduced an effective width W eff ≡ W + ∆W that takes into account that the plasmon may not reflect at exactly the positions of the outermost rows of atoms that define the geometric width W . The notion of effective sizes are also found in the area of optical antennas. 38 A positive ∆W describes a plasmon that effectively spills out of the ribbon, while a negative value corresponds to a plasmon that is effectively more tightly confined than by the geometric width. As such, this is quite analogous to descriptions surface phenomena based on Feibelman parameters.
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We have performed TB calculations for both armchair and zigzag ribbons and also considered zigzag ribbons where the edge states have been excluded when calculating the optical response, as detailed in our previous work. 27 This allows us to understand the effects, if any, of the atomic edge termination and the localized edge states on the reflection properties of the graphene plasmons.
A. Linear mode dependence of higher-order modes
By finding the zeros of the real part of the eigenvalues of the dielectric matrix, as illustrated in the bottom panel of Fig. 2 , we can find the plasmon energies as a function of mode index. We depict this data in the insets of Fig. 3 . By inspection one can see that the plasmon energies depend more or less linearly on the mode number for the higher-order modes. Given this linear dependence, it seems that the higher-order plasmons on graphene ribbons behave analogously to light in a cavity between two mirrors. Assuming a linear dispersion as ω n = v p q n , where v p is a constant plasmon velocity, we therefore expect ω n W eff to be constant across different widths. To fit our non-dispersive model we do not use the lowestorder modes with n ≤ 3, as indicated by the gray areas in Fig. 3 . The reason is that the curves shown in the insets start deviating from the linear behavior for these lower mode numbers. The resulting fits are shown in Fig. 3 and the corresponding values are given in Tab. I. The Although the linear fits are quite good, the model only works for the higher-order modes and the more-than-2π phase shift for zigzag ribbons is hard to interpret. We therefore conclude that a better model is needed to obtain trustworthy quantitative values for the ϕ and ∆W . This model will be presented in the following.
B. Nonlocal dispersion and reflection phase shift
Building on the standing-wave model, we suggest that, while the plasmon is not at the edges, it disperses in the same manner as it would in an infinite sheet of graphene. Classically, that corresponds to a √ q-dispersion, as is the case for the two-dimensional (2D) electron gas.
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However, we expect nonlocality to play an important role in these small structures and we thus use the dispersion relation found by using the nonlocal dielectric function for infinite graphene as calculated in Refs. 41 and 43. With this approach, an explicit q-dependence is included in the quantum mechanical conductivity altering the plasmon dispersion for larger values of q. As can be seen from Fig. 4 , the included nonlocality makes the dispersion almost linear at larger q and thus explains why the linear model worked for high mode indices. We determine ϕ and ∆W by fitting to the nonlocal dispersion curve getting the results shown in An alternative definition of the reflection phase (that differs by π) has been used in Refs. 1, 29, and 30. However, after converting to our definition these works report reflection phases that are all very close to −0.75π. This is the same as was found in Ref. 28 that uses the same definition as we do. Because of this remarkable agreement in numerically determined reflection phases, it is worth mentioning at this stage that as far as we know there is no analytical theory that predicts an exact reflection phase of −3π/4. However, in Ref. 28 the authors do present an analytical model that comes quite close and predicts ϕ ≈ −0.64π.
The same nonlocal-dispersion model does not agree as accurately with the analogous tight-binding results for zigzag ribbons, as can be seen from the increased scatter of the points in the second panel of Fig. 4 . Especially the behavior of the low-q plasmons in the TB calculations is not captured that well. As seen in the rightmost panel, removing the edge states does improve the agree-ment, indicating that these states are responsible for a great part of the difference with armchair ribbons. We emphasize that the AC ribbons are well described by a −0.75π reflection phase in combination with the bulk plasmon dispersion down to very small sizes of only a few nanometers. However, because of the less convincing fit for the ZZ geometry, we will not take the resulting fitting parameters at face value, and perform instead an additional more thorough analysis. To get further insight into the plasmons in ZZ ribbons we optimize ϕ and ∆W for each ribbon width individually. The results depicted in Fig. 5 show that there are only minor changes as a function of width for AC ribbons, which is to be expected since one set of (width-independent) parameters did very well previously. We distinguish between semi-metallic (triangles) and semiconducting AC ribbons and find that they behave slightly different for the small widths, as we have also examined in another context previously. 27 The graphs for the two types of AC ribbons will merge for wider ribbons (not shown) as the band gap for the semiconducting ribbons closes. For ZZ ribbons, a standing-wave model with nonlocal bulk dispersion results in much greater variance in the reflection phase and the width correction between the different ribbon widths. In the zoomed view in the bottom middle panel of Fig. 5 we can see that only for the two widest 13 nm ribbons (yellow and light green dots) do the TB calculations follow the nonlocal dispersion model well. So it seems that our bulk-dispersion-in-between-reflections model does not apply to the narrower ZZ ribbons that we considered, while for AC ribbons it does for all sizes. Let us give an explanation why this would be the case. The electron density for an AC ribbon is virtually constant across the entire width of the ribbon, see Fig. 6 . Hence, it is a fair assumption that the plasmon experiences a fairly constant bulk-like environment while propagating in between the ribbon edges. Turning our attention to the electron density in ZZ ribbons, the localized edge states give rise to increased electron density (see second panel of Fig. 6 ), and therefore an effectively different Fermi energy altering the dispersion of the plasmons in this region. The effective phase change will thus be the sum of the reflection at the edge and any phase picked up during propagation in the edge region. With wider ribbons, the relative size of the non-bulk-like region to the plasmon wavelength decreases and the phase shift converges close to −0.75π for ZZ ribbons as well. By comparing to the results from excluding edge states we see that both the phase and the ∆W vary much less and that the fit hardly changes compared to the width-independent model. The latter was also the case for the AC ribbons.
The ZZ width correction finds its stable point close to -0.3 nm exactly as the result found for AC ribbons. Only optimizing for the widest ribbon where the model is applicable yields ϕ = −0.77π and the fit shown in Fig. 7 .
To conclude, a constant phase shift of the same size of −0.75π as the ones found in continuum theories works well for both AC and ZZ ribbons, although the picture starts to change for ZZ ribbons narrower than 15 nm. At these sizes an atomistic model is needed to properly account for the edge effects. We must stress that these findings depend on including the width correction, ∆W , not previously considered in earlier work. Leaving it out yields both different phases and in general worse fits. Naturally, since ∆W is on the order ofÅngströms, and the plasmon wavelength scales with the ribbon width, its importance will disappear for wide enough ribbons.
IV. EDGE-STATE INDUCED BROADENING
Besides the reflection properties dependence on the occurrence of localized edge states we also find that the plasmonic peaks are much wider in ZZ ribbons than in AC ribbons of comparable widths, see Fig. 8 . A similar result has previously been reported in Ref. 10 , and the hypothesis was put forward that the edge states give rise to the additional broadening. Here we will test the hypothesis: by excluding the edge states from the calculation of the optical response, we can directly determine the influence of said states on the broadening.
The result can be seen in Fig. 8 , where the blue (orange) dots are the plasmon peak widths for ZZ (AC) ribbons with F = 0.4 eV and the open symbols are ZZ without edge states. It confirms unequivocally and for the first time the hypothesis that the larger broadening for ZZ ribbons is indeed due to the presence of the edge states. It can be interpreted in this way that the edge states constitute an additional decay channel for the plasmons, leading to more broadening, in an electron energy range that would otherwise have a zero density of states. Indeed, this has been explored analytically for disk resonators 44 and numerically for triangular flakes. 45 As edge states are common to all graphene terminations, except the armchair edge [46] [47] [48] , it is reasonable to expect that this edge-induced plasmon broadening will occur in most graphene nanostructures. 
V. INHERITED FINE STRUCTURE OF PLASMONIC MODES
In this section we will present our findings of the atomicscale fine structure of the plasmonic modes of nanoribbons. As the induced charges are built from electron-hole pairs, some structural properties of the underlying wavefunctions will be inherited by the plasmons, as we show in the following. 
A. Fine structure of wavefunctions
It is possible to get analytical insight into the shape of the wavefunctions from the Dirac model where the TB Hamiltonian is linearized around the K and K valleys. The resulting Hamiltonian has the form
where τ i and σ i are all Pauli spin-matrices with the former belonging to valley space and the latter to the A/B sublattice space. The armchair edge termination consists of alternating A-and B-lattice sites and the boundary conditions must thus mix the two valleys
where K = 4π/3 √ 3a 0 and −K are the positions of the K-valleys in momentum space and a 0 is the interatomic distance in the graphene lattice. These conditions lead to eigenstates that can be written as a four-vector of plane waves 49 , e iknx . We have previously found 27 that the allowed values of k n given in Ref. 49 can be written in the form
relating the wavelength to three times the width of the ribbon. Here, N is the number of atom rows in the unit cell and n ∈ Z. The corresponding eigenenergies are given
n . The mixing of the valleys through the boundary conditions will result in an oscillation of the wavefunction 50 with wavelength 2π/K = 3a 0 √ 3/2 which exactly corresponds to every third atom across the armchair ribbon. From this it follows that two neighboring atoms will usually have very different weights of the wavefunction. However, if we plot the same electron densities for every third site, such that the atoms 1,4,7,. . . are connected, then we expect the change to be rather smooth. This "fine structure" oscillation is readily found in the TB results as shown in Fig. 9 and 10 for a 42-atom-wide armchair ribbon. To emphasize the fundamental nature of this oscillation, we have also performed a DFT calculation of the same ribbon geometry, using a plane-wave basis set. 51 Using a Bader charge analysis 52 we have projected the electron densities corresponding to the lowest unoccupied wavefunctions (of undoped graphene) onto the individual carbon atoms such that we can compare with the TB results. The ab initio calculations show very much the same fine-structure behavior as seen in the top rows of Fig. 9 and 10 . These rapid electronic variations are inherited by the spatial distributions of the plasmons of AC graphene ribbons, as we will see in the next section. Returning to the values of k n we can also find the longwavelength oscillation in both the DFT and TB results. As illustrated in Fig. 9 , by "unfolding" the wavefunction such that it covers the full 3W , we find that the behavior exactly matches a wave with the shape cos(k n x). It can be seen in Fig. 10 that this also works for the higher-lying wavefunctions. Generally, we find that for semiconducting AC ribbons the electron density from state n at site i can be written in as
where i is the site index as indicated in Fig. 9 , x i is the x-coordinate of the site, and N is a normalization factor.
B. Fine structure of plasmons
As explained in the Methods section, the formalism for calculation of the plasmons in TB gives direct access to the induced electron density of the plasmonic modes as well as the induced field through the eigenmodes of the dielectric matrix. In Fig. 11 we show these densities for the four lowest-order modes in two zigzag and armchair ribbons, one 4 nm and one 8 nm of either kind. For the zigzag ribbon the density is shown on each of the A/B sublattices individually (gray lines) as well as the mean density found by averaging two interpolated splines fitted to the sublattice data (thick, black line). The mean induced density shows the behavior that one would expect in a classical model, but there is a lot of fine-structure oscillations when looking at the atomic details. The charge fluctuates between the two sublattices, although the variation becomes smaller in the higher-order modes and for the wider ribbons. Charge densities in the armchair ribbons behave qualitatively different in that there is no A/B symmetry as for ZZ. As explained above, the valley-mixing imposed by the armchair boundary conditions leads to a periodic behavior of the wavefunctions with a characteristic length scale corresponding to every third atom across the ribbon. We plot the induced charges projected on the three subsets formed by this rule (full, dashed, and dotted gray lines) and find a smooth behavior for all of them. The fine-structure is thus a fingerprint of the periodicity of the underlying wavefunctions that are involved in building up the plasmon. As before in Fig. 10 , in Fig. 11 we show the average induced charges (black lines) and find that they also match very well with the classical picture despite the large local differences.
VI. DISCUSSION AND CONCLUSIONS
Using TB we identify numerous interesting effects in graphene nanoribbon plasmons. By looking at the dispersion of higher-order plasmons we find edge-dependent reflection properties of narrow ribbons. For armchair ribbons, the standing waves are well described with a constant phase shift of −0.75π and width correction ∆W = −0.3 nm at least down to ∼ 2 nm wide ribbons. The inclusion of ∆W is necessary to adequately describe the system within the Fabry-Pérot model, and leaving it out would render the −0.75π phase change inapplicable for the structures considered. In contrast to the result There is a clear fine-structure in the distribution of the charges that seem to disappear at higher-order modes. The bottom graph in each plot shows the induced field. There is evidently considerable fine-structure in the induced charges on the atomic scale.
found for AC ribbons, the ϕ and ∆W do depend on the width in zigzag ribbons as wide as ∼ 15 nm. This behavior is caused by the localized edge states that significantly alter the electron density close to the ribbon borders. Surprisingly, at the wider ribbon widths, both ribbon types are characterized with the same width corrections and reflection phases. These almost identical outcomes were not put in by hand and are the result of independent curve fitting. So we find that for wide enough ribbons where ∆W is negligible, the reflection phase of −0.75π found in previous numerical studies within continuum models will also work for tight-binding models with either edge termination, a phase which is not far from the value of −0.64π found analytically from a continuum model in Ref. 28 . This convergence of our results for the reflection phases of the two ribbon types is consistent with Ref. 10 , where it is shown, using tight-binding calculations, that in wide ribbons the energies of the lowest-order plasmon of ZZ and AC ribbons coincide.
By looking at the induced charges we find a distinct fine-structure oscillation between the A/B sublattice for zigzag ribbon and an every-third atom dependence for the armchair ribbons. In armchair ribbons, the plasmonic finestructure oscillations come from similar oscillations in the wavefunctions that are a consequence of the valley-mixing induced by the boundary conditions. Using analytical results from the Dirac model, we find a general expression for the single-wavefunction electron density around the K-point in semiconducting ribbons.
Finally, we have studied edge-induced broadening, which for other geometries was discussed in Refs. 44 and 45. We confirmed the hypothesis put forward in Ref. 10 and directly showed the key role played by localized edge states in the broadening of the plasmonic peaks in ZZ ribbons, a broadening that we find is larger for narrower ribbons. As edge states occur in all but the armchair configuration, we predict that this broadening will be present in most graphene structures.
